236/ SOLUTIONS

3744. [2012 : 194, 196] Proposed by George Apostolopoulos, Messolonghi,
Greece.

Let a, b, ¢ be positive real numbers with sum 4. Prove that
a® +b® N b® + 8 N & +a®
(a2 4022 (b2+c?)? (2 +a?)

2+ab02a3+b3+cg.

Solution by Arkady Alt, San Jose, CA, USA.
Since a + b 4 ¢ = 4, the given inequality is equivalent to

4(a® +b%) 4% +c8)  4(B +ad)

(@®+02)2 (B2 +c2)2  (®+a?)? +abe(a+b+c) = (a+b+e) (@’ +b+c%). (1)

Using the trivial inequality 2(z? + y?) > (z + y)? twice, we have for 22 + y* # 0,

A% +9%) 24yt 2@+t 4
(@ +y2)? — @ +y?)? 7 202" +yY) '

Therefore,

4(a® +b%) 4B+ %) 4(P +ad) 4 1
(a2 +02)2 (2 +c?)? (24 a?)? > 2a" + 8+ e, @

Furthermore, we have, by Schur’s Inequality

20a* + v+ ) +abe(a+b+c) = (a+b+c)(a® +b> +c3)
=a*(a—Db)(a—c)+b*(b—c)(b—a)+c*(c—a)(c—b) >0

S0
2(a* +0* + ) +abc(a+b+c¢) > (a+b+c)(a® + b2+ c3). (3)

Combining (2) and (3) we obtain (1) and the proof is complete.

Also solved by *AN-ANDUUD Problem Solving Group, Ulaanbaatar, Mongolia;
*SEFKET ARSLANAGIC", University of Sarajevo, Sarajevo, Bosnia and Herzegovina;
*MICHEL BATAILLE, Rouen, France; *CAO MINH QUANG, Nguyen Binh Khiem High
School, Vinh Long, Vietnam; OLIVER GEUPEL, Brihl, NRW, Germany; *THANOS
MAGKOS, Thessaloniki, Greece; *SALEM MALIKIC', student, Simon Fraser University, Burn-
aby, BC; *PAOLO PERFETTI, Dipartimento di Matematica, Universita degli studi di Tor
Vergata Roma, Rome, Italy; ALBERT STADLER, Herrliberg, Switzerland;, STAN WAGON,
Macalester College, St. Paul, MN, USA; *TITU ZVONARU, Comdnesti, Romania; and *the
proposer. (A * indicates that the solution given by the solver also employed Schur’s Inequality
and is similar to the one featured above.)

Cao, Geupel and Zvonaru pointed out that equality holds if and only if a =b=c=4/3.
Magkos remarked that the given inequality actually holds for all real a, b, ¢ as long as no two of
them are stmultaneously equal to zero. As usual, Wagon’s solution is based on an argument using
Mathematica to show that there are no counterexamples to the negation of the given inequality.
He also claimed, without proof, that the inequality holds true when the sum a4+ b+ c = 4 is
replaced by 5, 6, 7, 100, or 401/100, and that in general, the result might even be true for all a,
b, and ¢ with a+b+ ¢ > 4.
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